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Abstract. The steady-state microwave heating of a unit slab consisting of three layers of materials with different
thermal conductivities is examined. The governing equations are a damped wave equation derived from Maxwell’s
equations and a heat-force equation for the temperature. As the primary concern is to investigate the dependence
of the steady-state on the thermal-conductivity parameter, a simplifying assumption is made, namely that the
electrical conductivity is temperature-independent. Under this assumption, the damped wave equation governing
the electric field may be solved separately. An eigenfunction expansion for the problem based on the Galerkin
method is described and a fundamental-mode approximation is presented. If this approximation is applied to a
unit slab composed of three layers with different thermal conductivities, the hot-spot formation can be addressed
and a global steady-state solution is found for the whole domain. Numerical results for some different cases of
the three-layer combinations are interpreted to gain some insight in parameter dependence and the position of the
low-thermal-conductivity inner layer related to hot-spot formation.

Key words: microwave heating, hot-spot, spatial inhomogeneity, thermal conductivity, fundamental-mode ap-
proximation.

1. Introduction

In recent years there has been a growing interest in the use of microwave radiation for in-
dustrial processing such as drying, melting, smelting, and sintering. This heating technique
is proved to have some advantages over the use of a conventional oven. In the sintering of
ceramics, for example, the use of a conventional oven for prolonged periods of time is required
to achieve high equilibrium temperatures in processes that are controlled by thermal conduc-
tivity [1]. Generating heat internally by means of microwave energy can significantly reduce
the time as required in conventional sintering [2–5]. The widespread industrial applications
of microwave heating have also created a number of problems. For most of these problems
there is the formation of a hot-spot, which is a small region of very high temperature relative
to the surroundings. Such a phenomenon can either be desirable, such as in metal melting, or
undesirable, such as in ceramic sintering.

In general, the microwave heating of a material involves a coupling of electromagnetic and
thermal phenomena. These phenomena can be expressed mathematically as a system consist-
ing of a damped wave equation derived from Maxwell’s equations governing the propagation
of the microwave radiation and a forced heat equation governing the resultant of heat flow. The
forcing term in the last equation is proportional to the square amplitude of the microwave field.
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General analysis of this kind of microwave heating of a material is not easy. Until recently,
the mathematical analysis of the problem was divided into two main streams [6]. First, under
assumption that the properties of the heated material are slowly varying with temperature, the
effects of the electromagnetic field are of interest. In this case, perturbation solutions are found
for both the electric field and the temperature. Such studies have been carried out by a number
of authors such as Kriegsmannet al. [1], Kriegsmann [7], Picombe and Smyth [8], Smyth
[9] and Marchant and Picombe [10]. When the thermal aspects are isolated, a simplifying
assumption can be made, namely that the microwave radiation has a constant amplitude, [11–
13], leading to a single heat-force equation for the temperatureθt = ν∇2θ+f (θ). Here,f (θ)
is the temperature-dependent rate of energy absorption by the material.

Using the second approach, Colleman [11] investigated hot-spot formation for different
functions describing the temperature-dependent reaction ratef (θ). In the case of an Arrhenius
dependency of the formf (θ) = δ e−γ /θ , he found numerically that, for sufficiently smallν,
θ becomes large in finite time, signifying the formation of a hot-spot. For a dependency of
the form f (θ) = δ e−γ /θ , Hill and Smyth [13] found steady-state solutions in planar and
cylindrical geometries with constantν and constant temperature on the boundary of the body.
For a quadratic dependence on temperature of the reaction ratef (θ) and a connective heat-lost
boundary condition, for a cylindrical body, Roussyet al. [13] found numerically an approxi-
mate criterion for a hot-spot to form. It is noted that, based on an analysis of the experimental
data collected for various materials, Hill and Jennings [14] found that linear, quadratic and
exponential temperature dependencies of the reaction ratef (θ) are valid for many materials.

Recently Pelesko and Kriegsmann [15] studied the microwave heating of a one-dimensional
ceramic laminate composed of three layers of two different types of material (identical outer
layers and an inside layer). These two materials have widely disparate effective electrical
conductivities. The two governing equations considered were the damped wave equation gov-
erning the propagation of the microwave radiation and the forced-heat equation governing
the resultant of heat flow. An asymptotic theory was set up based on the assumption that
the ratio of the two conductivities is small. This approach yields simplified equations which
were then analyzed numerically. Marchant and Liu in [16] used a Galerkin method to find
the steady-state microwave heating of a one-dimensional finite slab with electrical conduc-
tivity and thermal absorptivity governed by the Arrhenius function which, in that paper, was
approximated by a rational cubic function. The boundary conditions took account of both
connective and radiative heat losses. For small thermal absorptivity, approximate analytical
solutions were found for the steady-state temperature as well as the electric-field amplitude.
Multi-valued steady-state temperatures were found for theS-shaped curve of temperature-
versus-power relationship. The thermal runaway was described as when the temperature jumps
from the lower to the upper branch of the curve.

The present paper is concerned with a finite slab consisting three layers. Contrary to the
three layers in the work of Palesko and Kriegsmann [15] where the electrical conductivity
is of interest, here we assume that the layers have different thermal conductivities (thermal
diffusivities). An Arrhenius-type of temperature dependency of the reaction rate of the form
f (θ) = eαθ/(α+θ) for someα > 0 is used. Using the approach in [17] that is, assuming a tem-
perature independent of the electrical conductivity of the material and microwave speed, we
may solve the damped wave equation separately which leads to a single forced heat equation
governing the resulting heat flow. The forcing term in the last equation is proportional to the
spatially dependent squared amplitude of the microwave field. The technique exploited is a
one-term Galerkian approximation. It was shown in [18] and [19] that such an approximation
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makes sense to obtain the salient features of the solution. In this paper, we address the hot-spot
formation by finding a global steady-state solution for the whole domain of different thermal
conductivities. Although the paper is concerned with hot-spot formation, the approach may
be applied to a three-layer configuration of a finite slab. The novelty of this approach lies in
its simplicity.

In the next section, we present the governing equations for the microwave heating of a
material which consists of a damped wave equation that is derived from Maxwell’s equations
and a heat-force equation for the temperature. As our primary concern is to investigate the
influence of the spatial dependence of the thermal conductivity of the material, the simplifying
assumption is made that the electrical conductivity is temperature-independent. Under this
assumption, the equation governing the electrical field may be solved separately. In Section 3
some preliminary results and an eigenfunction expansion based on a Galerkin approximation
are presented. For some geometries (unit sphere, finite cylinder, and rectangular block) with
Dirichlet boundary conditions, it has been shown, numerically ([18, 20]), that the fundamental
mode is dominant. The critical parameters obtained by using this single mode approximate the
critical parameters of the solution. For this reason, we focus on this fundamental mode. The
formulation of the problem for a unit slab consisting three layers of different thermal conduc-
tivities is presented in Section 4. An analysis based on the one-term Galerkin approximation
is presented in the same section. In Section 5, we present some numerical results for some
different cases of the three-layer combinations. In the last section concluding remarks are
given.

2. Governing equations

The equations governing the microwave heating of a material are the damped wave equation
derived from Maxwell’s equations governing the propagation of the microwave radiation and
the forced heat equation governing the flow of heat [17],

Ett + σ (θ)Et = c2∇2E, (1)

θt = ∇.(k(θ)∇θ)+ δ|E|2f (θ). (2)

Here,E and θ are the electric field associated with the microwave heating radiation and
the temperature, respectively. The temperature-dependent parameterσ is the electrical con-
ductivity of the material andc is the microwave speed. Further,|E| is the amplitude of
the electric field,k(θ) is thermal conductivity of the material with the propertiesk(θ) >
0, k′(θ) > 0, whilef (θ) is the rate of the microwave energy absorption by the material with
propertiesf (θ) > 0, f ′(θ) > 0. Here, we takef (θ) to be of Arrhenius type of the form
f (θ) = eαθ/(α+θ) for someα > 0. The damped wave equation (1) may be derived from the
Maxwell’s equations under the assumption thatσ is small and that the microwave speedc is
temperature-independent.

It is difficult to solve the set of Equations (1) and (2) with temperature-dependentσ .
In this work we make the simplifying assumption thatσ is constant. Although this creates
an unphysical temperature variation inσ , our primary concern is to investigate the spatial
dependence of the thermal conductivity of the materialk(θ). Under this assumption, in the
one-dimensional domain, Equations (1) and (2) become

Ett + σEt = c2Exx, (3)
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θt = ∂

∂x

(
k(θ)

∂

∂x
θ

)
+ δ|E|2f (θ). (4)

The damped wave Equation (3) has a travelling-wave solution of the form

E = e−k1x ei(kx−ωt), (5)

where

k2 = ω2

2c2

[
1+

(
1+ σ

2

ω2

)1/2
]

and

k2
1 =

ω2

2c2

[
−1+

(
1+ σ

2

ω2

)1/2
]
.

Using the above assumption, we can write the forced heat equation (2) in the form

θt = ∂

∂x

[
k(θ)

∂

∂x
θ

]
+ δR(x)f (θ), (6)

whereR(x) = |E|2 and the expression forE is of the form (5). Note that, fork(θ) = 1 and
R(x) = 1, Equation (6) features prominently in combustion theory and has been studied by
many authors such as in [21, Chapters 2–4], [22–24] and many others.

In the above model the conductivity parameterµ, which measures the magnitude of ther-
mal conductivity of the material, is constant throughout the medium D. In this work, however,
we intend to investigate the effect of inhomogeneity ofµ on the formation of a hot-spot, which
is a small region in the heated medium where the temperature is much higher than elsewhere.
For the domain D we take a unit slab [0, 1] and the conductivity is given byk(θ) = µ(x)eγ x ,
whereµ(x) is a function of the spatial variablex, namely

k(θ) =


µ1 eγ θ if 0 6 x < x0,

µ2 eγ θ if x0 6 x 6 x0+ ε,
µ3 eγ θ if x0 + ε < x 6 1,

whereµ2 < µ1 andµ2 < µ3. Here, we address hot-spot formation by finding a global steady-
state solution for the whole region [0, 1] in which this formation appears, which is in the
region[x0, x0+ ε].

3. Analysis of the reduced equation

We consider a model

∂θ

∂t
= ∇ · (k(θ)∇θ)+ δR(x)f (θ). (7)
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Using the transformation

v =
∫ θ

0
k(s)ds, (8)

we may write Equation (7) as follows

∂v

∂t
= K(v){∇2v + δE(x)F (v)},

whereK(v) = k(θ(v)) andF(v) = f (θ(v)). Sinceu(θ) is monotonically increasing, we
observe that bothK(u) andF(u) have the same features ask(θ) andf (θ), respectively. We
can remove the functionK(v) by lettingτ to be such that dτ/dt = K(v(x, t)) andu(x, τ ) =
v(x, t) giving

∂u

∂τ
= ∇2u+ δR(x)F (u).

3.1. BEHAVIOUR OF SOLUTIONS

We will now study the behaviour of the solution of the equation

∂u

∂t
= ∇2u+ δR(x)F (u), (9)

subject the initial and Dirichlet boundary conditions

u(x,0) = H(x), u(x, t) = 0 on ∂D. (10)

From the transformation (8) the functionF in (9) can be written in the form

F(u) = f (θ(u)) = exp


α

γ
log(1+ γ u/µ)

α + 1

γ
log(1+ γ u/µ)

 .
For completeness the following results are summarized from [18]. First, we consider the

following boundary-value problem

∂U

∂t
= ∇2U + δR(x)F (m), (11)

U(x,0) = H(x), U(x, t) = 0 on ∂D. (12)

for some parameterm 6 0. Let ū and Ū denote the steady-state solution of (9), (10) and
(11), (12), respectively. Ifm = maxxū(x), then, by the minimum principle, we can show that
Ū(x,m) > m.

Let ϕn andλn be the normalized eigenfunctions and eigenvalues of the boundary-value
problem

∇2ϕn = −λnϕn, ϕn = 0 on ∂D,
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Figure 1. (a) maxxŪ(x, m) vs.m for differentδ, δ1 < δ2; (b) Intersections of maxxŪ(x,m) vs.m and the linem;
(c) maxxŪ (x,m) vs.m for δ = δUcr; (d) maxxŪ(x,m) vs.m for δ = δUcr.

whereλ1 < λ2 6 λ3 6 · · ·. The steady-state solution of (11), (12) may be written in the
form Ū (x,m) = δF (m) 6i Biλi ϕi(x), whereBi =

∫
D
R(x) ϕi(x)dx. If we writeM = maxx6i

Bi
λi
ϕi(x) then maxxŪ (x,m) = δMF(m). Takingµ = 1, we note that

F ′(m) = (αγ )2F(m)

[1+ γm][αγ + log(1+ γm)] ,

while

F ′′(m) = α2γ 3G(α, γ,m)F(m)

[1+ γm]2[αγ + log(1+ γm)]3 ,

where

G(α, γ,m) = αγ (α − 2− αγ )− log(1+ γm)[2+ 2γ α + log(1+ γm)],
giving F ′(m) > 0 for m > 0 and, ifα(1− γ ) 6 2, thenF ′′(m) < 0, for m > 0 and so
the graph ofF(m) vs.m intersects the linem at one and only one point for any value ofδ.
Forµ = 1, a necessary condition such that the graph ofF(m) vs.m is in the form of an S-
shaped curve is thatα(1− γ ) > 2. This analysis will still hold later for the one-term Galerkin
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approximation, provided that the first modeϕ1(x) is nonnegative throughout the regionD. For
some values ofα andγ such that the graphF(m) vs.m has an S-shaped curve, Figure 1(a)
shows the graph of maxxŪ (x,m) vs.m for different values ofδ.

When the graph ofF(m) vs.m has an S-shaped curve, for which is necessary thatα(1−
γ ) > 2, using the maximum principle, we can show (see [18]) that

(1) If δ is such that maxxŪ (x,m)−m = 0 has a single root, saym0, then maxxū(x) 6 m0.
(2) If δ is such that maxxŪ (x,m)−m = 0 has three roots, saym1,m2,m3, wherem1 < m2 <

m3, [see Figure 1(b)], then 06 maxxū(x) 6 m1 orm2 6 maxxū(x) 6 m3. Here we note
thatm1 isO(1) whilem3 isO(eα).

Let δUcr andδUcr be the largest and the smallest value ofδ such that the line m is tangent to
the lower and upper portion of the graph maxxŪ(x,m) vsm, respectively [see Figures 1(c) and
1(d)]. Letδ be such thatδUcr < δ < δUcr. Then, for these values ofδ, maxxŪ(x,m) −m = 0
has three roots. SincēU(x,m) is an upper solution of̄u(x) then, ifH(x) = 0, u(x, t) will be
O(1) for all t . This valueδUcr is a lower bound of the critical valueδcr, where the steady-state
solutionū undergoes a rapid transition fromO(1) toO(eα).

3.2. FUNDAMENTAL -MODE APPROXIMATION

Let us return to the boundary-value problem (9), (10). Adopting the following approximation
procedure, which can be attributed to Galerkin, let us write

sN(x, t) = 6i=N
i=1 A

(N)
i (t)ϕi(x),

whereA(N)i (t) is the solution of the integral equation

dA(N)i

dt
= −λiA(N)i + δ

∫
D

R(x)F (6i=N
i=1 A

(N)
i ϕi(x))ϕi(x)dv(x),

for 16 i 6 N . The above equations constituteN integral equations withN unknowns.
From the behaviour of the solution as studied above and assuming that the first eigen-

functionϕ1(x) is nonnegative, we conclude that it makes sense to adopt a fundamental-mode
approximation,s1(x, t) = A(t)ϕ1(x). This A(t) (may be thought of as being similar to
maxxu(x, t)) is obtained from the integral equation

dA

dt
= −λ1A+ δ

∫
D

R(x)F (Aϕ1(x))ϕ1(x)dv(x), (13)

Let

I (A) =
∫
D

R(x)F (Aϕ1(x))ϕ1(x)dv(x). (14)

The equilibrium values ofA can be obtained graphically from the intersection of the straight
line λ2

1A/δ vs.A and the curve of the graphI (A) vsA. Similar to the result found in the
previous subsection, it is not difficult to see that forµ = 1 a necessary condition for the graph
I (A) vs.A to be S-shaped is

α(1− γ ) > 2.
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For α(1− γ ) 6 2 there is only one possible steady-state solution forA. In combustion this
phenomenon is often called ‘loss of criticality’ which occurs for the critical values ofα and
andγ such thatα(1− γ ) 6 2. Lacey and Wake [22] showed that, for a simpler equation
∇ · (eγ θ∇θ)+ δ eθ = 0, the solution does not exhibit a critical phenomenon whenγ > 1. Tam
([24]) showed that for a sphere of unit radius withα = 100, loss of criticality occurs when
γ = 0·9. From the simple analysis given above forα = 100, loss of criticality occurs when
γ = 0·95.

When the graphI (A) vs.A has an S-shape, there are two critical parameters ofδ, sayδcr

andδcr. The critical valueδcr, where the steady state of (13) isO(eα) for δ > δcr, is obtained
when the straight lineλ2

1A/δ vs.A is tangent to the lower portion of the S-shaped curve. On
the other-hand, the critical valueδcr, where the steady state of (13) isO(1) for δ < δcr, is
obtained when the straight lineλ2

1A/δ vs.A is tangent to the upper portion of the S-shaped
curve. Forδ, δcr < δ < δcr, for some critical valuesδcr and δcr, depending on the initial
conditionA(0) = C1, there are three possible steady-state solutions for Equation (13), say
A1, A2, andA3, whereA1 < A2 < A3 andA1 is of O(1), A3 is of O(eα). We note that the
middle solutionA2 is unstable, whereas, the other two are stable.

For a few different configurations of the medium,viz.a unit sphere, a finite cylinder and a
rectangular block, it is shown in [18, 20], that it is not only the first mode which is dominant,
but also the critical valuesδcr andδcr obtained by using a single mode, close to the critical
valuesδ of u.

3.3. STEADY-STATE SOLUTION FOR A UNIT SLAB GEOMETRY

To illustrate the method described above, let us consider a unit-slab geometry [0, 1]. For this
slab, we have the first eigenvalueλ1 = π2 corresponding to the normalized eigenfunction
ϕ1 = √1/2π sin(πx). Taking an exponential function ofR(x) = |E|2, with k = 1 in (5), we
may obtain the steady-state solutionsA from

λ1

δ
A =

∫
D

R(x)F (Aϕ1(x))ϕ1(x)dv(x).

The critical parameterδcr can be approximated as follows. LetA1 be the smallestA
satisfyingI (A1) = λ1A1/δ

cr then

d

dA

[
I (A)− λ1A

δcr

]
A=A1

= 0.

Thus, we can calculateδcr by first obtaining the value ofA1 from

I (A1)− A1I
′(A1) = 0

and then

δcr = λ1A

I (A1)
.

Forα = 10,µ = 1,γ = 0·1, Figure 2 shows a bifurcation diagram for the temperatureθ as
obtained from the inverse of the transformation (8) and the fundamental-mode approximation,
that isθ ≈ log(1+ γAϕ1/µ)/γ . The parameterδ can be seen as the magnitude of the square
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Figure 2. Bifurcation diagram of the temperatureθ vs.δ evaluated atx = 0·5.

amplitude of the electric fieldR(x). The bifurcation diagram shows that there is a critical
parameterδcr such that, forδ < δcr, there is only one steady-state solutionθ for which the
correspondingA isO(1) and there is a critical parameterδcr such that, forδ > δcr, again there
is only one steady-state solutionθ , butA isO(eα). The critical valueδcr, in this computation
δcr = 6·869, plays an important role in hot-spot formation. Here a slight change in the magni-
tude of the electric field nearδcr produces a substantial difference in the temperature, that is,
there is a jump of the temperature fromO(1) toO(eα). A similar result can be found in [16].

Although it is not fully justified, this simple analysis may be applied to the case of a unit
slab composed of three layers of two different materials (identical outer layers and an inside
layer) as was done in [15] where the two materials have widely disparate effective electrical
conductivities. The magnitude of the electric field produced is a function of the electrical
conductivity of the material. Thermal runaway can be experienced if the magnitude of electric
field exceeds the critical value. Locally (the layers are considered as three isolated layers)
thermal runaway can happen in one of the layers, but not in the others, depending on the
effective electrical conductivity of the materials considered.

4. Formation of hot-spots in a three-layer finite slab

In this section we consider a unit slab composed of three layers of three different materials.
As we are concerned in this work with hot-spot formation, the inside layer considered has a
thermal conductivity which differs considerably from that of the outer layers. Homogeneous
Dirichlet boundary conditions will be used. Although these conditions are very idealized,
they have the advantage of making the investigation more managable, thus leading to a better
understanding of the thermal conductivity. Future work will be done to extend this approach
by including more general boundary conditions.

Let us first consider a domain D with a constant conductivity parameterµwhich is constant
throughout D. From the transformation (8), we obtain
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θ = 1

γ
log

(
1+ γ u

µ

)
,

where the conductivityk(θ) = µeγ θ . Hereu(x, t) ≈ A(t)ϕ1(x), whereA(t) satisfies

dA

dt
= −λ1A+ δI (A),

A(0) = C1,

I (A) =
∫
D

R(x)F (Aψ1(x))ϕ1(x)dx,

andϕ1, λ1 are the first eigenfunction and eigenvalue of the boundary-value problem

∇2ϕn = −λnϕn, ϕn = 0 on ∂D.

Thus

θ ≈ 1

γ
log

(
1+ γAϕ1(x)

µ

)
. (15)

It is important to note that in (15)A no longer depends on the thermal conductivity. Thus,
if we consider two separate domains with conductivitiesk1 = µ1 eγ θ and k2 = µ2 eγ θ ,
respectively, whereµ1 > µ2, it is clear that the domain with with the lower conductivityµ
reaches a higher temperature, independently of the value ofγ . This simple analysis suggests
that nonhomogeneity of thermal conductivity may contribute to the formation of hot-spots.

4.1. FORMULATION OF THE PROBLEM

Let us consider a unit slab [0, 1] composed of three layers having thermal conductivityk(θ)

expressed in the form

k(θ) =


µ1 eγ θ if 0 6 x < x0,

µ2 eγ θ if x0 6 x 6 x0+ ε,
µ3 eγ θ if x0 + ε < x 6 1.

We formulate the problem by dividing the interval [0, 1] into three parts, that is[0, x0],
[x0, x0 + ε] and[x0 + ε,1], for smallε. Let θ1, θ2, andθ3 be the temperature in the intervals
[0, x0], [x0, x0+ε] and[x0+ε,1], respectively. For simplification we will consider the steady-
state solution only. We can obtain steady-state temperaturesθ1, θ2 andθ3 by solving

θi = 1

γ
log

(
1+ γ ui

µi

)
, i = 1,2,3, (16)

whereui is the solution of

d2ui

dx2
+ δR(x)Fi(ui) = 0, i = 1,2,3, (17)
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Fi(ui) = exp


α

γ
log

(
1+ γ ui

µi

)
α + 1

γ
log

(
1+ γ ui

µi

)
 , i = 1,2,3.

Across the interfaces, the temperatureθ as well as the heat fluxk(θ)dθ/dx are continu-
ous (see [25]). Using (16) and the requirement thatθ is continuous on the interfaces, that is
θ1(x0) = θ2(x0) andθ2(x0+ ε) = θ3(x0+ ε), we have the conditions

u1(x0) = µ1a, u2(x0) = µ2a,

and

u2(x0+ ε) = µ2b, u3(x0+ ε) = µ3b,

wherea andb have to be determined as part of the problem. Together with homogeneous
Dirichlet boundary conditions, this continuity of the temperature yields boundary conditions
for each layer

u1(0) = 0, u1(x0) = µ1a, (18)

u2(x0) = µ2a, u2(x0+ ε) = µ2b, (19)

u3(x0+ ε) = µ3b, u3(1) = 0. (20)

The heat flux in each layer may be written as

k(θi)
dθi
dx
= eγ θi

1+ γ ui
µi

dui
dx
.

Noting thatθ is continuous on the interfacesx = x0, x0+ε and using the conditions forui(x0)

andui(x0 + ε) above, we see that the continuity of the heat flux across the interfaces may be
written in the form

du1

dx

∣∣∣∣
x=x−0
= du2

dx

∣∣∣∣
x=x+0

(21)

and

du2

dx

∣∣∣∣
x=x0+ε−

= du3

dx

∣∣∣∣
x=x0+ε+

. (22)

In fact, the last two additional conditions may be obtained by integration of Equations (17)
along the interfacesx0 andx0 + ε.
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4.2. STEADY-STATE SOLUTIONS

To solve the problem defined by (17), (18), (19), and (20), for all the intervals[0, x0], [x0, x0+
ε], and[x0 + ε,1], we introduce the following transformations.

u1 = ϕ + µ1a
x

x0
, u2 = ψ + µ2

(b − a)(x − x0)

ε
+ µ2a,

and

u3 = χ + µ3b

(
1− x − x0− ε

1− x0 − ε
)
,

whereϕ, ψ , andχ satisfy

d2ϕ

dx2
+ δE(x)F1(u1) = 0, ϕ(0) = ϕ(x0) = 0,

d2ψ

dx2
+ δE(x)F2(u2) = 0, ψ(x0) = ψ(x0 + ε) = 0,

d2χ

dx2
+ δE(x)F3(u3) = 0, χ(x0 + ε) = χ(1) = 0.

In the first interval,[0, x0], using the above transformation and the fundamental-mode

approximation, we obtainϕ ≈ Aφ1, whereφ1(x) = √2/x0 sin
(
π
x0
x
)

is the eigenfunction

corresponding to the smallest eigenvalueλ1 = π2/x2
0 of the eigenvalue problem

d2φ

dx2
= −λφ, φ(0) = φ(x0) = 0.

The parameterA in this approximation satisfies

−A+ δ

λ1

∫ x0

0
E(x)F1(u1)φ1 dx = 0, (23)

and

u1 ≈ A
√

2

x0
sin

(
π

x0
x

)
+ µ1a

x

x0
. (24)

For the second interval,[x0, x0 + ε], we make a transformationξ = x − x0 and soψ =
ψ(ξ). Again, using the fundamental-mode approximation, we obtainψ1 ≈ Bϑ1, whereϑ1 =√

2/ε sin
(
π
ε
ξ
)

is the eigenfunction corresponding to the smallest eigenvalueν1 = π2/ε2 of
the eigenvalue problem

d2ϑ

dξ2
= −νϑ, ϑ(0) = ϑ(ε) = 0.
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Here,B satisfies

−B + δ

ν1

∫ x0+ε

x0

E(x)F2(u2)φ1 dx = 0, (25)

and

u2 ≈ B
√

2

ε
sin
(π
ε
(x − x0)

)
+ µ2

(b − a)(x − x0)

ε
+ µ2a. (26)

For the last interval,[x0+ ε,1], we use a transformationη = x−x0− ε, so thatχ = χ(η).
Again, using the fundamental-mode approximation, we obtainχ ≈ Cυ1, where

υ1 =
√

2

1− x0− ε sin

(
π

1− x0 − εη
)

is the eigenfunction corresponding to the smallest eigenvalueτ1 = π2/(1− x0 − ε)2 of the
eigenvalue problem

d2υ

dη2
= −τυ, υ(0) = υ(1− x0− ε) = 0.

In this approximationC satisfies

−C + δ

τ1

∫ 1

x0+ε
E(x)F (u3)φ1 dx = 0, (27)

and

u3 ≈ C
√

2

1− x0− ε sin

(
π
x − x0 − ε
1− x0− ε

)
+ µ3b

(
1− x − x0 − ε

1− x0 − ε
)
. (28)

From (23), (25) and (27), we obtain three equations and five independent variablesA,B,C,
a, andb. To solve them, we use the interface conditions (21) and (22) to obtain two additional
equations

−A
(
π

x0

)√
2

x0
+ µ1

a

x0
= B

(π
ε

)√2

ε
+ µ2

b − a
ε

(29)

and

−B
(π
ε

)√2

ε
+ µ2

b − a
ε
= C

(
π

1− x0− ε
)√

2

1− x0− ε − µ3
b

1− x0 − ε (30)

Equations (29) and (30) may be written in the matrix formA[a b]T = [c1 c2]T ,

[ µ1
x0
+ µ2

ε
−µ2

ε

−µ2
ε

µ2
ε
+ µ3

1−x0−ε

][
a

b

]
=
 A π

x0

√
2
x0
+ B π

ε

√
2
ε

B π
ε

√
2
ε
+ B π

1−x0−ε
√

2
1−x0−ε

 . (31)
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The solutiona andb (31) can be expressed in the following from

a = A22c1 − A12c2

Det(A)
, (32)

b = A11c2− A21c1

Det(A)
, (33)

where Det(A) is the determinant of the matrixA in Equation (31).
Substituting (32) and (33) in (23), (25) and (27), we obtain three equations with three

unknowns:A, B, andC. Using these values, we may then computea andb from (32) and
(33). Further, from (24), (26) and (28) we calculateu1, u2 andu3 and finally, using

θi = 1

γ
log

(
1+ γ ui

µi

)
, i = 1,2,3,

we obtain the temperatureθi , i = 1,2,3.

5. Numerical results

In the following we will present results for the smallest steady-steady solutionsA, B, andC
whenever there is more than one steady-state solution of (23), (25) and (27). This solution can
be seen as the steady-state temperature having the initial condition equal to 0 (the normalized
ambient temperature). In all computations, we have takenα = 10, ε = 0·1, γ = 0·1, and
δ = 1. Based on a simplifying assumption described in Section 2, we takeR(x) = e−|x−0·5|.

First, we takeµ1 = µ3 = 1 and µ2 = 1, 10−1, 10−2, 10−3 in Figures 3(a), 3(b), 3(c),
and 3(d), respectively. The middle part of the slab is located atx0 = 0·45 in the interval [0,
1]. Figure 3(a) simply shows that the conductivity parameterµ is constant throughout the
region [0, 1]. As expected, by using a fundamental-mode approximation, we find that the
temperature profile in Figure 3(a) is zero on the boundariesx = 0 andx = 1 and reaches a
maximum value in the middle of the slab. By taking smallerµ2 in the region[x0, x0 + ε], we
find that the temperature in this region is higher than elsewhere. Figures 3(b), 3(c), 3(d) show
that, the smaller the value ofµ2, the larger will be the discrepancy of the temperature between
[x0, x0 + ε] and the rest of the region. These figures show an interesting feature. The change
in the parameterµ from 10−1 to 10−2 does not lead to a significant change in the temperature
of the inner layer. However, the change ofµ from the 10−2 to 10−3 results in a drastic change
in the temperature of the inner layer, suggesting the existence of a critical value ofµ below
which thermal runaway is experienced, thus pointing to the formation of a hot-spot.

We further calculate the temperature of the middle interval of the inner layer[x0, x0 + ε]
with the same parameters as in Figure 3, but we change the values ofµ from µ = 10−2 to
µ = 10−3. This produces the following results

µ 0·01 0·009 0·008 0·007 0·006 0·005 0·004 0·003 0·002 0·001

θ 0·221 0·238 0·261 0·291 0·333 0·399 0·511 0·767 56·898 65·568

It shows that there is a jump in the temperature of the inner layer that occurs for values ofµ

in the range 0·003< µ < 0·002. In Section 3, we made an investigation of the bifurcation
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(a) (b)

(c) (d)

Figure 3. The steady-state temperature with a constant parameterγ = 0·1, and for the thermal conductivity
parameterµ1 = µ3 = 1 in outer layers while in the inner layer (a)µ2 = 1; (b)µ2 = 10−1; (c) µ2 = 10−2;
(d) µ2 = 10−3. Notice the temperature jump from the value computed forµ2 = 10−2 to that computed for
µ2 = 10−3.

diagram ofθ vs. the parameterδ where thisδ measures the magnitude (power) of the square
amplitude of the electric field. The thermal runaway is investigated through anS-shaped curve
of an Arrhenius-type reaction rate of the microwave-energy absorptionvs. temperature. There,
we found a critical valueδcr, where a slight change inδ near this critical value results in
a substantial change in the temperature. Several authors have made similar investigations,
e.g. in [12], [15], [16] and elsewhere. The numerical investigation above calls for further
investigations into the effect of the parameterµ and its critical value(s).

In Figure 4, we show the steady-state temperature in the center of each of the subintervals
[0, x0], [x0, x0+ ε] and[x0+ ε,1] as a function of the positionx0 whereµ1 = µ3 = 1,µ2 =
10−2. A similar computation is carried out in Figure 5, but now forµ2 = 10−3. Comparing
these figures, for any positionx0, there is a jump in temperature from the values computed for
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Figure 4. The steady-state temperature in the middle
of each of the subintervals[0, x0], [x0, x0 + ε] and
[x0 + ε,1] as a function of the positionx0, where
µ1 = µ3 = 1,µ2 = 10−2 andγ = 0·1.

Figure 5. Same as in Figure 4, but now forµ1 = µ3 =
1,µ2 = 10−3. Notice the temperature jump from the
values computed forµ2 = 10−2 in Figure 4 and those
for µ2 = 10−3 in Figure 5.

µ2 = 10−2 in Figure 4 to those forµ2 = 10−3 in Figure 5. These jumps, again, suggest the
existence of critical value(s) ofµ.

6. Concluding remarks

We have considered a simplified model of the microwave heating of a one-dimensional unit
slab. We have described an eigenfunction expansion for the problem based on the Galerkin
method and have used a fundamental-mode approximation. We have made an investigation
of the bifurcation diagram of the temperatureθ vs. the parameterδ, where thisδ measures
the magnitude (power) of the square amplitude of the electric field. The thermal runaway
has been investigated through anS-shaped curve of an Arrhenius-type reaction rate of the
microwave-energy absorptionvs. temperature. Critical valuesδcr and δcr have been found.
The critical valueδcr is of the interest, where slight changes inδ near this critical value result
in substantial changes in the temperature. Similar investigations and results can be found in
[12, 15, 16] and elsewhere.

We have further applied the approximation to a unit slab consisting of three layers of
material with different thermal conductivities. We have taken the thermal conductivity to be
of the formk(θ) = µeγ θ , whereθ is the temperature, while the parameterµ has different
values in each of the three layers. Thisµ measures the magnitude of the thermal conductivity
of the material. We have addressed the hot-spot formation by finding the global steady-state
solution for the whole domain of different thermal conductivities in which the inner layer has
a smaller value of the parameterµ.

By makingµ smaller in the inner layer than in the outer layers, according to prediction, we
find a temperature in this region that is higher than in the rest. The larger the difference ofµ

in the inner and outer layers, the larger will be the discrepancy of the temperature between the
inner layer and the rest of the region. It is very interesting to see that, given a fixed value ofδ,
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there is a jump of the temperature of the inner layer near some value ofµ. This jump shows
that there is a critical value of the parameterµ below which thermal runaway is experienced,
thus signifying the formation of a hot-spot.

We remark that, although the paper is concerned with hot-spot formation, the approach may
be applied to a three-layer configuration of a finite slab. Further, the use of Dirichlet boundary
conditions, which is very idealistic, allows a more managable investigation into the parameter
dependence of the problem. Future work will include more realistic heat-flux conditions on
the boundaries and further study on the effects of the parameterµ and its critical value(s) will
be done.
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